Abstract. Let k be a fixed field of arbitrary characteristic, and let Λ be a finite dimensional k-algebra. Assume that V is a left Λ-module of finite dimension over k. F. M. Bleher and the author previously proved that V has a well-defined versal deformation ring R(Λ, V ) which is a local complete commutative Noetherian ring with residue field isomorphic to k. Moreover, R(Λ, V ) is universal if the endomorphism ring of V is isomorphic to k. In this article we prove that if Λ is a basic connected Nakayama algebra without simple modules and V is a Gorenstein-projective left Λ-module, then R(Λ, V ) is universal. Moreover, we also prove that the universal deformation rings R(Λ, V ) and R(Λ, ΩV ) are isomorphic, where ΩV denotes the first syzygy of V . This result extends the one obtained by F. M. Bleher and D. J. Wackwitz concerning universal deformation rings of finitely generated modules over self-injective Nakayama algebras. In addition, we also prove the following result concerning versal deformation rings of finitely generated modules over triangular matrix finite dimensional algebras. Let Σ = Λ B 0 Γ be a triangular matrix finite dimensional
Introduction
Throughout this article, we assume that k is a fixed field of arbitrary characteristic, and that all our modules are finitely generated. We denote byĈ the category of all complete local commutative Noetherian k-algebras with residue field k. In particular, the morphisms inĈ are continuous k-algebra homomorphisms that induce the identity map on k. Let Λ be a fixed finite dimensional k-algebra. For all objects R inĈ, we denote by RΛ the tensor product of k-algebras R ⊗ k Λ. Note that RΛ is an R-algebra, and if R is an Artinian ring then RΛ is also Artinian (both on the left and the right sides). We denote by RΛ-mod the category of finitely generated left RΛ-modules. If M is a class of left RΛ-modules, we denote by add M the smallest subcategory of RΛ-mod containing M. In particular, for all left RΛ-modules X, add X denotes the full subcategory of RΛ-mod whose objects are direct summands of finite direct sums of copies of X. We denote by Λ-mod the stable category of Λ, i.e., the objects of Λ-mod are the same as those of Λ-mod, and two morphisms f, g : X → Y in Λ-mod are identified provided that f − g factors through a projective left Λ-module. Let V be a fixed left Λ-module. We denote by |V | the length of V as a Λ-module, and by End Λ (V ) (resp. by End Λ (V )) the endomorphism ring (resp. the stable endomorphism ring) of V . We denote by ΩV or by Ω Λ V the first syzygy of V as a left Λ-module, i.e., ΩV is the kernel of a projective cover P (V ) → V of V over Λ, which is unique up to isomorphism. Let R be an arbitrary object inĈ. A lift of V over R is a left RΛ-module M that is free over R together with a Λ-module isomorphism φ : k ⊗ R M → V . A deformation of V over R is defined to be an isomorphism class of lifts of V over R. It follows from [6, Prop. 2.1 & Prop. 2.5 ] that if V is a left Λ-module, then V has a well-defined versal deformation ring R(Λ, V ), which is an object inĈ, and which also an invariant under Morita equivalence. More recently, F. M. Bleher and D. J. Wackwitz proved in [8, Prop. 2.4 ] that if Λ is a Frobenius k-algebra (i.e., Λ Λ and Hom k (Λ Λ , k) are isomorphic as left Λ-modules) and V is non-projective, then the versal deformation rings R(Λ, V ) and R(Λ, ΩV ) are isomorphic inĈ, which generalizes [6, Thm. 2.6 (iv)]. Moreover, they also proved in [8, Thm. 1.3] that if Λ is an indecomposable k-algebra that is stably Morita equivalent (in the sense of [9] ) to a self-injective split basic Nakayama algebra and V is further indecomposable, then R(Λ, V ) is universal and its isomorphism class is either k or k [[t] ]/(t 2 ), or a quotient of a ring of power series in finitely many variables and which is also determined by the closets distance of the isomorphism class of V to the boundary of the stable Auslander-Reiten quiver of Λ.
Following [13, 14] , we say that V is Gorenstein-projective provided that there exists an acyclic complex of projective left Λ-modules (1.1)
such that Hom Λ (P • , Λ) is also acyclic and V = coker f 0 . In this situation, we say that P • is a complete Λ-projective resolution. We denote by Λ-Gproj (resp. by Λ-Gproj) the full subcategory of Λ-mod (resp. of Λ-mod) consisting of finitely generated Gorenstein-projective left Λ-modules. It is well-known that Λ-Gproj is a Frobenius category in the sense of [16, Chap. I, §2], and that consequently, Λ-Gproj is a triangulated category. Recall that Λ is said to be a Gorenstein k-algebra provided that Λ has finite injective dimension as a left and right Λ-module. In particular, algebras of finite global dimension as well as self-injective algebras are Gorenstein. It follows from [4, Thm. [11] , and then further discussed by G. Zhou and A. Zimmermann in [28] , as a way of generalizing the concept of stable equivalence of Morita type. It was also proved in [4, Thm. 1.2] that if V is a Gorenstein-projective left Λ-module with End Λ (V ) = k, then R(Λ, V ) is universal, which generalizes [6, Thm. 2.6]. On the other hand, it follows from [4, Thm. 5.2] that if Λ is a monomial algebra in which there is no overlap (in the sense of [10] ) and V is a non-projective Gorenstein-projective Λ-module, then R(Λ, V ) is universal and isomorphic either to k when V = ΩV or to k[[t]]/(t 2 ) otherwise. All of these facts raise the question of for which other finite dimensional k-algebras every indecomposable non-projective Gorenstein-projective Λ-module V , the versal deformation ring R(Λ, V ) is universal.
Recall that Λ is a Nakayama algebra provided that all indecomposable projective and all indecomposable injective Λ-modules are uniserial, or equivalently, all indecomposable Λ-modules are uniserial. It follows from e.g. [2, Thm.V.3.2] , that Λ is a basic and connected Nakayama k-algebra with exactly s(Λ) = s ≥ 1 isomorphism classes of indecomposable simple left Λ-modules and without simple projective objects if and only if Λ is of the form kQ/I, where Q is the quiver
and I is an admissible ideal of kQ.
Let Λ be a basic connected Nakayama k-algebra without simple projective modules. In [21], C. M. Ringel provided a description of the Gorenstein-projective modules over Λ. Moreover, he also proved the following result (see [21, Prop. 1]). Let C (Λ) be the category of left Λ-modules such that the indecomposable objects are all the non-projective Gorenstein-projective indecomposable left Λ-modules as well as their projective covers. Then C (Λ) is a full exact abelian subcategory of Λ-mod which is closed under extensions and projective covers and which is also equivalent to the abelian category Λ -mod, where Λ is a basic connected self-injective Nakayama k-algebra. Ringel calls C (Λ) the Gorenstein core of Λ. Let E (Λ) be the class of non-zero indecomposable Gorenstein-projective left Λ-modules E such that no proper non-zero factor module of E is a Gorenstein-projective left Λ-module. Then the objects in E (Λ) are the simple objects in C (Λ), which Ringel call the elementary Gorenstein-projective modules of Λ. It follows from [21, Prop. 2 (a)] that every non-zero object V in C (Λ) has a filtration with composition factors in E (Λ) and thus C (Λ) is an abelian length category in the sense of [15] . Note that since C (Λ) is also an exact Krull-Schmidt category, we can talk about the Auslander-Reiten quiver of C (Λ) (see [20, §2.3] ). Let E 1 , . . . , E g be a complete list of isomorphism-class representatives in E (Λ), and for all 1 ≤ i ≤ g, let P (E i ) be the projective Λ-module cover of 
Since V has a unique composition series as a Λ-module, then it has a unique composition series inside the category C (Λ). In order to give an explicit description of the versal deformation rings of the indecomposable non-projective Gorenstein-projective left Λ-modules, we need the following definition from [5, Def. 1.1 (b)]. Definition 1.1. For all integers n ≥ 1, we denote by N n the n × n matrix with entries in the power series algebra k[[t 1 , . . . , t n ]] defined by
. . .
where I n−1 is the (n − 1) × (n − 1) identity matrix. In particular, N 1 = (t 1 ). For all integers a ≥ 0 and n ≥ 1, define J n (a) to be the ideal of k[[t 1 , . . . , t n ]] generated by the entries of (N n ) a . If n = 0, then we let J 0 (a) to be the zero-ideal of k.
Assume that C (Λ) = 0. The first goal of this note is to prove the following result which shows that every versal deformation ring R(Λ, V ) of a non-projective indecomposable object V in C (Λ) is universal and stable under syzygies. Moreover, it also provides an explicit description of R(Λ, V ) as a quotient algebra of a ring of power series over k. Theorem 1.2. Let Λ be a basic connected Nakayama k-algebra without simple projective modules and with C (Λ) = 0. Let E 1 , . . . , E g be a complete list of isomorphism-class representatives in E (Λ). For all 1 ≤ i ≤ g, let |P (E i )| be the length of the projective Λ-module cover of E i , and assume that s(Λ) < |P (E i )|.
(i) There exists a basic connected self-injective Nakayama k-algebra Λ and a left Λ -module V such that the versal deformation ring R(Λ, V ) is isomorphic to R(Λ , V ) inĈ. In particular, R(Λ, V ) is also universal and isomorphic to R(Λ, ΩV ) inĈ. (ii) Let C (Λ) be the integer
Let µ, ≥ 0 be integers such that ≤ g − 1 and
Let V be an indecomposable non-projective object in C (Λ) and denote by d C (Λ),V the distance of the isomorphism class of V to the closest boundary of the stable Auslander-Reiten quiver of C (Λ), and
where J n (m V ) is as in Definition 1.1.
Observe that Theorem 1.2 extends the results of [8, Thm. 1.3] to indecomposable non-projective Gorensteinprojective modules over arbitrary basic connected Nakayama algebras without simple projective modules.
Recall that Σ is a finite dimensional triangular matrix k-algebra if Σ is of the form
where Λ and Γ are finite dimensional k-algebras and B is a Λ-Γ-bimodule. Recall also that the product in Σ is induced by the usual product of 2 × 2 square matrices. For a brief description of the module category of finitely generated modules over triangular matrix algebras, see §2.3. In [27, Thm. This note is meant to be a continuation of [4] and is organized as follows. In §2, we review the preliminary results concerning lifts and deformations of finitely generated modules in the sense of [6] as well as the description of finitely generated Gorenstein-projective modules over Nakayama and triangular matrix algebras as given in [21] and [27] , respectively. In §3, we give the proofs of Theorems 1.2 and 1.3. We refer the reader to look at e.g. [10, 17] (and their references) for basic concepts concerning Gorenstein-projective modules. For basic concepts from the representation theory of algebras such as projective covers, syzygies of modules, stable categories and homological dimension of modules over finite dimensional algebras, we refer the reader to [2, 3, 12, 25] .
Preliminaries
Let k andĈ be as in §1. Let Λ be a finite dimensional k-algebra, and let V be a left Λ-module.
2.1. Lifts, deformations, and (uni)versal deformation rings. Let R be a ring inĈ. Following [6] , a lift (M, φ) of V over R is a left RΛ-module M that is free over R together with an isomorphism of Λ-modules φ : k ⊗ R M → V . Two lifts (M, φ) and (M , φ ) over R are isomorphic if there exists an RΛ-
is a lift of V over R, we denote by [M, φ] its isomorphism class and say that [M, φ] is a deformation of V over R. We denote by Def Λ (V, R) the set of all deformations of V over R. The deformation functor over V is the covariant functor F V :Ĉ → Sets defined as follows: for all rings R inĈ, defineF V (R) = Def Λ (V, R), and for all morphisms 
] are called the universal deformation ring and the universal deformation of V , respectively. In other words, the universal deformation ring R(Λ, V ) represents the deformation functor F V in the sense thatF V is naturally isomorphic to the Hom functor HomĈ(R(Λ, V ), −). Using Schlessinger's criteria [22, Thm. 2.11] and using methods similar to those in [19] , it is straightforward to prove that the deformation functorF V is continuous (see [19, §14] for the definition), that there exists an isomorphism of k-vector spaces 
) is universal and isomorphic to k. In particular, if P is a projective left Λ-module, then R(Λ, P ) is universal and isomorphic to k. It also follows from (2.1) that if Ext Remark 2.2. Let R be an Artinian ring inĈ, let ι R : k → R be the unique morphism inĈ endowing R with a k-algebra structure, and let π R : R → k be the natural projection inĈ. Then π R • ι R = id k .
(i) For all projective left Λ-modules P , we let P R = R ⊗ k,ι R P . Then P R is a projective left RΛ-module cover of P , and (P R , π R,P ) is a lift of P over R, where π R,P is the natural isomorphism
(ii) Let : P (V ) → V be a projective left Λ-module cover of V (which is unique up to isomorphism) and let (M, φ) be a lift of V over R. By (i), we have that P R (V ) = R ⊗ k,ι R P (V ) is a projective left RΛ-module cover of P (V ). Since is an essential epimorphism, there exists an epimorphism of RΛ-modules α R :
Let Ω R M = ker α. Note that since M and P R (V ) are both free over R, then Ω R (M ) is also free over R. Moreover, there exists an isomorphism of left Λ-modules Ω R (φ) :
where ι V : ΩV → P (V ) and β R : Ω R (M ) → P R (V ) are the natural inclusions. In particular (Ω R (M ), Ω R (φ)) is a lift of ΩV over R.
2.2.
Gorenstein-projective modules over Nakayama algebras. Let Λ, C (Λ) and E (Λ) = {E 1 , . . . , E g } be as in the hypothesis of Theorem 1.2, and let X (Λ) be the class of simple left Λ-modules S such that the projective Λ-module cover P (S) of S belongs to C (Λ). Let τ Λ and Γ(Λ) denote the Auslander-Reiten translation and the Auslander-Reiten quiver of Λ, respectively, and let τ 
, and
is also a right Λ -module. Moreover, P X (Λ) is a projective generator for C (Λ), i.e., for all objects V in C (Λ) there exists an epimorphism of Λ-modules P → V , where P is an object in add P X (Λ) , and thus H X (Λ) (−) restricted to C (Λ) induces an equivalence of categories C (Λ) ∼ = Λ -mod whose quasi-inverse is given by P X (Λ) ⊗ Λ −. It follows from [21, Prop. 1] that Λ is also a basic connected self-injective Nakayama k-algebra (cf. 2.3. Gorenstein-projective modules over triangular matrix algebras. Let Σ be a triangular matrix k-algebra as in (1.3), and let R be a ring inĈ be fixed but arbitrary. The morphism
for all r ∈ R, λ ∈ Λ, b ∈ B and γ ∈ Γ is an isomorphism of R-algebras, and thus
where B R is the RΛ-RΓ-bimodule R ⊗ k B.
In the following, we recall the description of the objects and morphisms in RΣ-mod (for more details see 
Proof of the main results
Let k andĈ be as in §1. In order to prove Theorems 1.2 and 1.3, we use the continuity of the deformation functor (see [6, Prop. 2 .1]) in order to consider only deformations of modules over Artinian rings inĈ.
Proof of Theorem 1.2.
Assume that Λ is a basic connected Nakayama k-algebra without simple projective objects and with C (Λ) = 0, and let P X (Λ) , Λ and H X (Λ) (−) be as in (2.2). Let R be a fixed Artinian ring inĈ, and let
and H R,X (Λ) (−) = Hom RΛ (P R,X (Λ) , −).
Note that by Remark 2.2, (P R,X (Λ) , π R,P X (Λ) ) is a lift of P X (Λ) over R. Moreover, P R,X (Λ) is also a projective RΛ-module cover of P X (Λ) . On the other hand, since RΛ = End RΛ (P R,X (Λ) ) op , it follows that the left RΛ-module P R,X (Λ) is also a right RΛ -module. Note also that the functor H R,X (Λ) (−) sends left RΛ-modules to left RΛ -modules.
Remark 3.1. Let P be a projective left Λ-module, and let P R be as in Remark 2.2. If P is an object in add P X (Λ) , then P R is an object of add P R,X (Λ) .
For all left RΛ-modules M , let
It is straightforward to prove that η M is a morphism of left RΛ-modules, which is natural with respect to morphisms g :
Throughout the remainder of this section, we let V be a fixed indecomposable non-projective object in C (Λ).
where
Proof. (i). First note that by [1, Prop. 20.10] , there exists an isomorphism of right RΛ -modules
Since H R,X (Λ) (RΛ) is a projective right RΛ-module and M is free over R, it follows by [18, Ex. 2.1] that H R,X (Λ) (M ) is projective (and thus free) over R. On the other hand, since
we obtain a composition of left Λ -module isomorphisms
− → V → 0 be a minimal projective presentation of V , i.e., 0 : P 0 → V and −1 : P 1 → ker 0 = ΩV are projective left Λ-module covers. Note that since P X (Λ) is a projective generator of C (Λ), it follows that P 1 and P 2 are in add P X (Λ) . Using that (M, φ), (P 0 R , π R,P 0 ) and (P −1 R , π R,P −1 ) are lifts of V , P 0 and P −1 over R, respectively, together with the fact that 0 and −1 are essential epimorphisms, we use Remark 2.2 to obtain a projective presentation P
R are in add P R,X (Λ) by Remark 3.1, it follows by [1, Lemma 29.4 ] that for i = −1, 0, the morphism
is an isomorphism of left RΛ-modules, where η P i R is as in (3.1). Since by (3.2) we have that
it follows by the Five Lemma that the morphism η M is an isomorphism of left RΛ-modules. On the other hand, since
By Lemma 3.2 we obtain a well-defined map between set of deformations
Proposition 3.3. The map τ R as in (3.3) is a bijection which is also natural with respect to morphisms θ : R → R between Artinian rings inĈ.
Proof. First assume that (M 1 , φ 1 ) and (M 2 , φ 2 ) are two lifts of V over R such that there exists a RΛ -module isomorphism g :
Note that by Lemma 3.2 (ii), the morphisms η M and η M as in (3.1) are isomorphisms of left RΛ-modules.
, and since
we obtain together with the second statement of Lemma 3.2 (ii) that φ 2 • (id k ⊗ f ) = φ 1 . This proves that τ R is injective.
Assume next that ( M , φ) is a lift of H X (Λ) (V ) over R. Since P R,X (Λ) and M are both free over R, it follows that the left RΛ-module P R,X (Λ) ⊗ RΛ M is also free over R. Moreover, we have a composition of natural isomorphisms of left Λ-modules
which we denote by φ, and thus (P R,X (Λ) ⊗ RΛ M , φ) is a lift of V over R. By [1, Prop. 20 .10], we also have natural isomorphisms of left RΛ-modules
which shows that the lifts (H R,X (Λ) (P R,X (Λ) ⊗ RΛ M ), H R,X (Λ) (φ)) and ( M , φ) of H X (Λ) (V ) over R are isomorphic. This proves that τ R is surjective, and thus τ R is a bijection.
Finally assume that θ : R → R is a morphism between Artinian rings inĈ. Then R Λ = R ⊗ R,θ RΛ, P R ,X (Λ) = R ⊗ R,θ P R,X (Λ) , H X (Λ),R (R Λ) = R ⊗ R,θ H R,X (Λ) (RΛ), and for all lifts (M, φ) of V over R, we have
which implies that τ R is natural with respect to morphisms θ : R → R inĈ. This finishes the proof of Proposition 3.3.
Remark 3.4. The continuity of the deformation functor (see [6, Prop. 2 .1]) together with Proposition 3.3 imply that the versal deformation rings R(Λ, V ) and R(Λ , H X (Λ) (V )) are isomorphic inĈ. Moreover, since R(Λ , H X (Λ) (V )) is universal by [8, Thm. 1.3] , we also have that R(Λ, V ) is universal. On the other hand, since V be is an indecomposable non-projective object in C (Λ), it follows that ΩV is also an indecomposable non-projective object in C (Λ) (see e.g. [10, Lemma 2.1]), and thus we obtain that the versal deformation ring R(Λ, ΩV ) of ΩV is also universal.
To finish the proof of Theorem 1.2 (i), we need to prove the following result. 
is an essential epimorphism of Λ -modules, which implies that Ω Λ H X (Λ) (V ) = H X (Λ) (ΩV ). On the other hand, since Λ is a basic connected self-injective k-algebra, it follows that Λ is also Frobenius (see e.g. [24, Cor. 4.3] ). Therefore by Remarks 2.1 (iii) and 3.4, we have that inĈ,
Note that Theorem 1.2 (ii) is an easy consequence of Remark 2.4 and the description of the universal deformation rings of modules over basic self-injective Nakayama algebras given in [5, Thm. 1.2] . This finishes the proof of Theorem 1.2.
In the following example, we verify Theorem 1.2 with a particular basic connected Nakayama k-algebra with no simple projective modules in which there is no overlap (in the sense of [10] ). Example 3.6. Let Λ be the basic connected Nakayama k-algebra whose quiver is as in (1.2) with s(Λ) = 2 and with Kupisch series (4, 5), i.e., the length of the indecomposable projective left Λ-modules P (S 1 ) and P (S 2 ) are 4 and 5, respectively. Note that this algebra coincides the the one studied in [10, Example 5.10] . It follows that P (S 1 ) is a minimal projective left Λ-module and there exists an exact sequence of Λ-modules . On the other hand, it follows by Remark 2.4 that Λ = End Λ (P (S 1 )) op is the basic connected self-injective Nakayama algebra with e(Λ ) = 1 such that the radical length of the unique indecomposable projective Λ -module is given by (Λ ) = 4/2 = 2. Let S 1 denote the unique simple left Λ -module. Then Ω Λ S 1 = S 1 , and Ext . Note also that we have H X (Λ) (E 1 ) = S 1 , and following the notation in Theorem 1.2 (ii), we obtain C (Λ) = 2 and d C (Λ),E1 = 0, which gives n = 1, m E1 = 2 and J 1 (2) = (t 2 ). This verifies Theorem 1.2 for Λ. It is also important to mention that Λ is a non-self-injective Gorenstein k-algebra with injective dimension 2.
3.2. Proof of Theorem 1.3. Let k andĈ be as in §1. We first need the following result. 
be a left Σ-module and let R be a ring inĈ. Then
over R if and only if (M, φ M ) and (N, φ N ) are lifts of V and W over R, respectively.
Proof. (i). Let θ : R → R be a morphism inĈ and let M N g be a left RΣ-module. Then the map
defined for all r ∈ R , x ∈ M , y ∈ N as Θ r ⊗ x y = r ⊗ x r ⊗ y is a isomorphism of R Σ-modules.
(ii). Assume first that M N g , φ M φ N is a lift of V W f over R. By looking at the exact sequence of left RΣ-modules
and by using Nakayama's Lemma, we obtain that since M N g is free over R, then so are M 0 0 and 0 N 0 .
This clearly implies that M and N are both free over R. By using (i), we can identify k ⊗ R M N g with and (N, φ N ) are lifts of V and W over R, respectively. Since Γ is of finite global dimension, it follows that W is a projective left Γ-module. Let W R = R ⊗ k W and π W,R : k ⊗ R W R → W be the natural isomorphism. Then (W R , π R,W ) is a lift of W over R. Since we also have that R(Γ, W ) = k by Remark 2.1 (i), it follows that (N, φ N ) and (W R , π R,W ) are isomorphic lifts of W over R. Thus without loss of generality, we can assume that N = W R and φ N = π R,W . Note that W R is a projective left RΓ-module, and this implies that B R ⊗ RΓ W R is a projective left RΛ-module, for B R is also a projective left RΛ-module. We define a map between sets of deformations 
